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The Chern–Simons functionals built from various connections determined by the initial data hµν , χµν on a
3-manifold Σ are investigated. First it is shown that for asymptotically flat data sets the logarithmic fall off
for hµν and rχµν is the necessary and sufficient condition of the existence of these functionals. The functional
Y(k,l), built in the vector bundle corresponding to the irreducible representation of SL(2,C) labelled by (k, l),
is shown to be determined by the Ashtekar–Chern–Simons functional and its complex conjugate. Y(k,l) is
conformally invariant precisely in the l = k (i.e. tensor) representations. An unexpected connection with
twistor theory is found: Y(k,k) can be written as the Chern–Simons functional built from the 3-surface twistor
connection, and the not identically vanishing spinor parts of the 3-surface twistor curvature are given by the
variational derivatives of Y(k,k) with respect to hµν and χµν . The time derivative Y˙(k,k) of Y(k,k) is another
global conformal invariant of the initial data set, and for vanishing Y˙(k,k), in particular for all Petrov III.
and N spacetimes, the Chern–Simons functional is a conformal invariant of the whole spacetime.
1. Introduction
In a recent joint paper with Robert Beig the conformal invariant Y [hµν ] of Chern and Simons [1], defined
for closed orientable Riemannian 3-manifolds (Σ, hµν), was generalized for triples (Σ, hµν , χµν), where χµν
is a symmetric tensor field [2]. (For the sake of simplicity we call such a triple an initial data set and
χµν the extrinsic curvature even if we don’t use any field equation, not even any constraints for hµν and
χµν ; and even if (Σ, hµν , χµν) is not assumed to be imbedded in any spacetime.) Similarly to Y [hµν ], the
new Y0[hµν , χµν ] was defined as the integral of the Chern–Simons 3-form, built from the connection on an
appropriate vector bundle over Σ, modulo 16π2. In the former case the connection was the Levi-Civita
connection determined by hµν on the tangent bundle of Σ, whilst in the latter it was the real Sen connection
determined by hµν and χµν on a trivializable Lorentzian vector bundle, i.e. the vector bundle constructed
by the vector representation of SL(2,C), over Σ. If Σ is a spacelike hypersurface in a Lorentzian spacetime,
then this vector bundle is just the spacetime tangent bundle pulled back to Σ. Thus, roughly speaking, we
retain the four dimensional Lorentzian character of the geometry of the initial data set infinitesimally, i.e.
at the level of tangent spaces, even in a 3+1 decomposition of spacetime. Y [hµν ] is known to be invariant
with respect to conformal rescalings of the 3-metric hµν , and Y0[hµν , χµν ] turned out to be invariant with
respect to changes of hµν and χµν corresponding to spacetime conformal rescalings. The functional derivative
of Y [hµν ] with respect to hµν is known to be the Cotton–York tensor, and hence the stationary points of
Y [hµν ] are the locally conformally flat Riemannian 3-manifolds. The variational derivatives of Y0[hµν , χµν ]
yield two symmetric trace-free tensor fields, Bµν and Hµν , whose vanishing characterizes the local isometric
imbeddability of (Σ, hµν , χµν) into some conformal Minkowski spacetime. Hµν is the conformal magnetic
curvature, while Bµν is the natural generalization of the Cotton–York tensor for non-vanishing χµν . The
nontriviality of these invariants is shown by a result of Meyerhoff [3], namely that in the Riemannian case
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for certain hyperbolic manifolds Y [hµν ] takes values which are dense on the circle S
1 = R modulo 16π2. In
[2] the analogous functional Y±[hµν , χµν ] based on the complex self-dual/anti-self-dual Ashtekar connection,
i.e. based on the bundle constructed by the self-dual/anti-self-dual representation of SL(2,C), was also
considered and was shown not to be conformally invariant. In fact, the stationary points of Y±[hµν , χµν ] are
precisely those data sets that can be locally isometrically imbedded into the Minkowski spacetime.
From physical points of view it would be desirable to be able to define the conformal invariant Y0 :=
Y0[hµν , χµν ] for asymptotically flat initial data sets too, because these data sets are thought to represent
the gravitational field of localized objects. In particular, this may provide a useful tool in studying the
structure of spacelike and null infinity (see e.g. [4,5]), since it serves as a natural foliation of the space of
initial data for the conformally equivalent spacetimes. As we mentioned above, the critical points of Y0 are
precisely those data sets that can be imbedded into some conformally flat spacetime. But, as Tod proved [6],
this imbeddability is equivalent to the complete integrability of the 3-surface twistor equation. Taking into
account the conformal invariance of Y0, one might conjecture that there is a hidden connection between our
previous construction and various 3-surface twistor concepts. In particular Y0 might be a functional of the 3-
surface twistor connection. Furthermore, it might be interesting even from twistor theoretical points of view
to clarify the properties of the Chern–Simons functional built from the 3-surface twistor connection. Since
the functionals Y0, Y± := Y±[hµν , χµν ] have different conformal properties, the question arises whether new
nontrivial invariants can be obtained by considering other vector bundles, i.e. representations of SL(2,C),
or not. (Recently another interesting connection was introduced in the canonical description of general
relativity, the so-called Barbero connection [7,8]. Although the Barbero–Chern–Simons functional has several
interesting properties, e.g. it is conformally invariant precisely in the tensor representations for any real value
of the Barbero–Immirzi parameter, we will not consider that in the present paper.) Further interesting issue
is the question of the time evolution of these functionals, i.e. how they change as the function of time if the
data is evolved in time (e.g. by Einstein’s field equations).
In the present paper we investigate (further) the properties of Y0, Y±, and the Chern–Simons functional
built from the 3-surface twistor connection. In the first two subsections we review the main points of the
construction of Y0 and discuss how hµν and χµν determine it uniquely. (This issue was not exhaustively
discussed in [2]. Moreover, we improve several points of the presentation and correct some minor numerical
errors.) We define Y0 for asymptotically flat initial data sets by determining the weakest possible fall-off
conditions for hµν and χµν . Since however the Chern–Simons functional is defined in the tetrad rather than
the metric theory, a new technique was needed to determine the asymptotic behaviour of the initial data. This
technique can also be used to derive the fall-off and asymptotic gauge conditions in the canonical analysis
of the (tetrad or triad) general relativity. We will see that the weakest possible fall-off conditions are much
weaker than those coming from general relativity, namely logarithmic fall-off for hµν and rχµν , and hence the
Chern–Simons conformal invariant is well defined for asymptotically flat initial data sets for Einstein’s theory.
These fall-off conditions ensure the existence of the Ashtekar–Chern–Simons functional as well. For later use
(especially in the twistorial approach) the construction is rewritten in the spinor representation in subsection
2.3. In this representation the real Sen– and the complex Ashtekar–Chern–Simons functionals can be treated
simultaneously. Finally, we clarify how the Chern–Simons functional depends on the representation of the
structure group by showing that the construction, based on a general finite dimensional representation,
doesn’t give anything new, that is simply a combination of the Ashtekar–Chern–Simons functional and its
complex conjugate, or, equivalently, the Sen–Chern–Simons and the Ashtekar–Chern–Simons functionals.
The conformally invariant functionals correspond precisely to the tensor representations.
In section three the potential relation to twistor theory will be clarified. In subsection 3.1 the unitary
spinor forms of the Sen operator and the concept of 3-surface twistors will be reviewed. Although most of
that subsection is essentially a review (mainly to fix the notations, to present the tools for the next subsection
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and to retain the coherence and readability of the paper), it contains several new elements, e.g. the unitary
spinor form of the full Ricci and Bianchi identities and the tensors Hµν , Bµν , too. Then, in subsection 3.2,
we calculate the 3-surface twistor connection and curvature explicitly, and show that the tensors Hµν , Bµν
above represent the non-vanishing components of the 3-surface twistor curvature. Thus Hµν and Bµν have
natural twistorial interpretation. Then the Sen–Chern–Simons functional will be shown to be just twice the
Chern–Simons functional built from the 3-surface twistor connection.
Section four is devoted to the problem of time evolution of the Chern–Simons functionals. We derive a
formula by means of which we can compare these functionals on arbitrary two spacelike hypersurfaces and
determine the conditions of their hypersurface–independence. These conditions are satisfied for a large class
of algebraically general and special spacetimes, including all the Petrov III. and N. type metrics, yielding
two new global invariants for these spacetimes. One of them is a global conformal invariant. Finally,
we discuss the properties of the imaginary part of the Ashtekar–Chern–Simons functional, a proposal for
the natural time variable in cosmological spacetimes, and we will see that ImY± is monotonic only for a
very limited class of spacetimes. Finally we calculate the Chern–Simons functional for the general closed
homogeneous Bianchi cosmologies with simply-transitive group actions, and, in particular, for the vacuum
Kasner, the general Robertson–Walker and the special anisotropic Barrow solutions. This is the only point
where Einstein’s equations are used in the present paper. These examples show the usefulness and the
nontriviality of the generalizations Y0, Y± of the (Riemannian) conformal invariant of Chern and Simons for
initial data sets.
Our general spinor–twistor reference is [9], and that of differential geometry is [10]. In particular, the
wedge product of forms is defined to be the anti-symmetric part of the tensor product, the signature of the
spacetime and spatial metrics is (+ – – –) and (– – –), respectively. The curvature F abµν of a covariant
derivative Dµ is defined by −F abµνXbvµwν := vµDµ(wνDνXa)−wµDµ(vνDνXa)− [v, w]µDµXa. The Ricci
tensor is Rµν := R
ρ
µρν , and the curvature scalar is the contraction of Rµν and the metric. We changed
our previous notations slightly. We use several types of indices, both abstract and concrete (name) indices,
whose range will be explained when they appear first.
2. The Chern–Simons functional of asymptotically flat initial data sets
2.1 The general Chern–Simons functional
Let Σ be a connected orientable 3-manifold, which is asymptotically Euclidean in the sense that for some
compact set K ⊂ Σ the complement Σ−K is diffeomorphic to R3−B, where B is a closed ball in R3. This
complement represents the ‘asymptotic end’ of Σ.* Greek indices from the second half of the Greek alphabet,
e.g. µ, ν, ..., will be abstract tensor indices referring to Σ in general, but in the present subsection they denote
concrete coordinate indices, too. Let G be a Lie group, G its Lie algebra, and π : P → Σ a trivializable
principal bundle over Σ with structure group G. Let Ea a k dimensional vector space over K=R or C,
ρ : G→ GL(Ea) a linear representation of G on Ea, ρ∗ : G → gl(Ea) the corresponding representation of the
Lie algebra, and π : Ea(Σ) → Σ the associated (trivializable) vector bundle. Because of the trivializability
Ea(Σ) admits k global cross sections, Eaa , a = 1, ..., k, such that at each point p ∈ Σ {Eaa |p} spans the fibre
π−1(p) ⊂ Ea(Σ). Such a collection of cross sections of Ea(Σ) will be called a global frame field. Thus small
Roman indices are abstract ‘internal bundle’ indices, while the underlined small Roman indices are name
indices. The global cross section σ : Σ → P of the principal bundle defines a transformation ρ ◦ σ of the
* For the sake of simplicity we assume that Σ has one asymptotic end. It is obvious how to generalize Σ
to have more than one such ends.
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global frame fields (‘globally defined local gauge transformations’); i.e. it is a k × k matrix valued function
Λa b on Σ acting on a global frame field as E
a
a 7→ EaaΛa b .
Any connection on P defines a connection on Ea(Σ), whose connection coefficients with respect to a
global frame field form a ρ∗(G) ⊂ gl(k,K)-valued 1-form Aaµb on Σ, and the curvature of this connection is
the ρ∗(G)-valued 2-form −F a b µν := ∂µAaνb − ∂νAaµa + AaµcAcνb − AaνcAcµb . Using the matrix notation for
the underlined (‘internal name’) indices, the Chern–Simons functional is well known to be defined by
Y [A] :=
∫
Σ
Tr
(
F[µνAρ] +
2
3
A[µAνAρ]
)
. (2.1.1)
To ensure the existence of this integral we must impose certain fall-off conditions on the connection coeffi-
cients.
Let (r, θ, φ) be the standard polar coordinates on Σ −K ≈ R3 − B, let {Eaa } be a fixed global frame
field and determine the fall-off condition for A
a
µb with respect to these coordinates and global frame field,
implied by the existence of Y [A]. Since on the asymptotic end the integrand of (2.1.1) takes the form
−2Tr(Aµ∂νAρ + 13AµAνAρ)ǫµνρdrdθdφ, where µ, ν, ... = r, θ, φ and ǫµνρ = ǫµνρ is the alternating Levi-
Civita symbol, it seems natural to impose the following fall-off conditions
A
a
rb (r, θ, φ) =
Aa b (θ, φ)
ra
+ o
( 1
ra
)
,
A
a
τb (r, θ, φ) =
A
a
τb (θ, φ)
rb
+ o
( 1
rb
)
, τ = θ, φ,
for some a + b > 1, b > 0,
(2.1.2)
where a function f(r) is said to behave at infinity like o(r−a) if limr→∞(raf(r)) = 0. If the A
a
rb component
has 1/r fall-off, then the logarithmic fall-off for the tangential components A
a
τb is the necessary and sufficient
condition of the existence of (2.1.1). If therefore A denotes the set of all the connection 1-forms on Ea(Σ)
satisfying the fall-off condition (2.1.2) then Y : A → K becomes well defined. If Aaµb (u) is a smooth 1
parameter family of connections in A then the derivative of the Chern–Simons functional Y [A(u)] with
respect to u, i.e. the ‘variation’ of Y [A], is δY [A] := ( dduY [A(u)])|u=0 = 2
∫
Σ(TrF[µνδAρ] + ∂[µ(TrAνδAρ])),
where δA
a
µb := (
d
duA
a
µb (u))|u=0, the ‘variation’ of the connection 1-form. Thus the fall-off condition (2.1.2)
ensure the functional differentiability of Y [A] with respect to the connection 1-form, and the functional
derivative is essentially the curvature.
Under a gauge transformation Λ : Σ → ρ(G) the connection 1-form transforms as Aaµb 7→ A′aµb :=
Λd
a (A
d
µcΛc b + ∂µΛ
d
b ), where Λa
b is defined by Λa cΛb
c = δ
a
b . Thus the gauge transformations preserve
the fall-off properties of the connection 1-forms, i.e. they don’t take a connection 1-form A
a
µb out of A, if
Λa b (r, θ, φ) = 0Λ
a
b +
Λa b (θ, φ)
rc
+ o(
1
rc
), c ≥ max{a− 1, b}, (2.1.3)
where 0Λ
a
b is a constant ρ(G)-matrix. Under these gauge transformations Y [A] transforms as
Y [A]− Y [A′] = 2
3
∫
Σ
Λk
a
(
∂µΛ
m
a
)
Λm
b
(
∂νΛ
n
b
)
Λn
c
(
∂ρΛ
k
c
) 1
3!
δµνρστω+
+ 2
∫
Σ
∂µ
(
A
a
νbΛa
c
(
∂ρΛ
b
c
)) 1
3!
δµνρστω,
(2.1.4)
where the second term, the integral of an exact 3-form, vanishes as a consequence of the fall-off conditions.
For small gauge transformations (i.e. for gauge transformations Λ : Σ → ρ(G) homotopic to the identity
transformation) the integrand of the first term in (2.1.4) is also exact, and hence the right hand side of
(2.1.4) is zero, but for large gauge transformations (i.e. which are not small) the right hand side is 16π2N
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for some integer N depending on the homotopy class of Λ : Σ→ ρ(G). This implies that Y [A] modulo 16π2
is gauge invariant, and if Y [A] is complex valued then its imaginary part ImY [A] in itself is gauge invariant.
If ψ : Σ → Σ is any smooth proper map then Y [ψ∗A] = deg(ψ)Y [A], where deg(ψ) is the degree of ψ [11].
Since however deg(ψ) is one for orientation preserving diffeomorphisms, Y [A] is invariant with respect to
them.
2.2 The Sen–Chern–Simons functional of initial data sets
Let π : L→ Σ be a trivializable principal fiber bundle over Σ with structure group SO0(1, 3), the connected
component of the Lorentz group O(1, 3), ρ0 its defining representation on the four dimensional real vector
space Va, and V a(Σ) the associated vector bundle and Va(Σ) its dual vector bundle. Let E
a
a , a = 0, ..., 3,
be a global frame field in V a(Σ) with given ‘space’ and ‘time’ orientation, and let ϑ
a
a be the dual global
frame field in the dual bundle. Thus small Roman indices are abstract ‘internal’ Lorentzian indices, i.e. they
refer to the Lorentzian vector bundle, while underlined small Roman indices are Lorentzian name indices. If
ηa b := diag(1,−1,−1,−1), then gab := ηa b ϑaa ϑbb is a Lorentzian fibre metric on V a(Σ), and Eaa becomes a
gab-orthonormal global frame field. The global cross sections of L define global gauge transformations taking
gab-orthonormal global frame fields into gab-orthonormal global frame fields. gab identifies V
a(Σ) with its
dual Va(Σ). Let Θ : TΣ → V a(Σ) : (p, vµ) 7→ (p, vµΘaµ) be an imbedding of TΣ into V a(Σ) such that
hµν := Θ
a
µΘ
b
νgab is a negative definite metric on TΣ. One can raise and lower the indices of Θ
a
µ by h
µν
and gab, respectively, and e.g. Θ
µ
a defines an imbedding of T
∗Σ into Va(Σ). Let ta be the section of V a(Σ)
which is orthogonal to Θ(TΣ), i.e. vµΘaµta = 0 for any section v
µ of TΣ, and has unit norm with respect to
gab. The orientation of t
a is chosen to be compatible with the ‘time’ orientation of the global frame fields,
e.g. to be ‘future’ directed. Then P ab := δ
a
b − tatb is the projection of the fibre V ap onto Θ(TpΣ) for any
p ∈ Σ, and hence any section Xa of V a(Σ) can be decomposed in a unique way as Xa = Nta +Na, where
Na = P ab N
b is called the shift and N is the lapse part of Xa. This decomposition defines a vector bundle
isomorphism between the Whitney sum of the trivial line bundle over Σ and TΣ, and the Lorentzian vector
bundle: i : (Σ×R)⊕ TΣ→ V a(Σ) : (p, (N,Nµ)) 7→ (p,Nta +NµΘaµ). Any hµν-orthonormal frame field eµi ,
i = 1, 2, 3, in TΣ defines a gab-orthonormal global frame field {ta, eai } in V a(Σ) by eai := eµi Θaµ. Such a frame
field in V a(Σ) will be said to be compatible with the imbedding Θ, and the set of all such Θ-compatible
frame fields defines a reduction SO0(1, 3) → SO(3) of the gauge group (‘time gauge’). Since the quotient
SO0(1, 3)/SO(3) is homeomorphic to R
3, there always exist small gauge transformations taking a global
frame field into a Θ-compatible frame field [2].
Any connection on π : L→ Σ defines a gab-compatible covariant derivative Dµ on V a(Σ), which can be
characterized completely by its action on pointwise independent sections of V a(Σ), e.g. by χµa := Dµta and
Dµ(eνi Θbν). We call Dµ the real Sen connection on V a(Σ) if the next three conditions are satisfied:
i. Dµgab = 0,
ii. χµν :=
(Dµta)Θaν = χ(µν),
iii. Dµ
(
eνi Θ
b
ν
)
P ab =
(
Dµe
ν
i
)
Θaν, where Dµ is the Levi-Civita covariant derivative on TΣ determined by the
metric hµν .
For fixed bundle isomorphism i and tensor fields hµν and χµν these conditions uniquely determine the
derivative Dµ. The Dµ–derivative of the section Xa = Nta+Na is DµXa = (DµN)ta+(DµN b)P ab +(χµatb−
taχµb)X
b. Thus it seems useful to define the action of the Levi-Civita derivative Dµ on sections v
a of V a(Σ)
satisfying va = vbP ab by Dµv
a := Dµ(v
bΘνb )Θ
a
ν (see requirement iii. above), and then to extend its action to
any section of V a(Σ) by demandingDµta = 0, since then bothDµ andDµ would be defined on the same vector
bundle and one could compare them. Their difference is (Dµ−Dµ)Xa = (χµatb− taχµb)Xb. For the sake of
later convenience let us introduce Vµνρω := χµρχνω−χµωχνρ and its traces Vµν := V ρµρν and V = V ρρ. They
have all the algebraic symmetries of the Riemann and Ricci tensors in three dimensions. The curvature of Dµ
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has the form F abµν = Θ
a
ρΘ
b
ω(R
ρω
µν+V
ρω
µν)+(t
aΘbω−tbΘaω)(Dµχνω−Dνχµω). Here Rρωµν is the curvature
tensor of (Σ, hµν). The ‘Ricci part’ of the curvature is F
ab
µνΘ
ν
b = Θ
a
ρ(R
ρ
µ+V
ρ
µ)−ta(Dνχνµ−Dµχ), which,
contrast to Riemannian 3-manifolds, doesn’t determine the full curvature of Dµ. What remains undetermined
is the term that can be represented by Hµν := −ερω(µDρχων). If (M, gab) is a Lorentzian spacetime and
θ : Σ→M is an imbedding such that θ(Σ) is spacelike, then V a(Σ) can be identified with the pull back to Σ of
the spacetime tangent bundle TM along θ and Θaµ is the differential of θ. The Sen connection Dµ introduced
here is ΘaµDa, the pull back to Σ of the derivative Da := P ba∇b of Sen [12], and its curvature is just the pull
back to Σ of the spacetime curvature tensor: F abµν =
(4)RabcdΘ
c
µΘ
d
ν . Then the tensor Hµν becomes the pull
back to Σ of the magnetic part Hab :=
1
2εac
efCefbdt
ctd of the spacetime Weyl tensor. (Note that we use the
convention in which the relation between the three and four dimensional volume forms is εabc = εabcdt
d.)
On the other hand, in general the electric part of the spacetime Weyl tensor, Eab := Cacbdt
ctd, cannot be
expressed by the geometric data on Σ. It contains the spatial-spatial part of the spacetime Einstein tensor and
the spacetime curvature scalar too: Eab = −(Rab+Vab− 12 (4)GcdP caP db )+ 14hab(R+V + 23 (4)R). The ‘constraint
parts’ of the spacetime Einstein tensor are (4)Gabt
atb = − 12 (R + V ) and (4)GabtaP bc = −Da(χac − χδac ).
The connection coefficients of Dµ with respect to any pair of dual global frame fields are Γaµb := ϑaaDµEab ,
and, following the general prescription of the previous subsection, we can form the Chern–Simons functional
built from the real Sen connection. This Y [Γa b ] will be called the Sen–Chern–Simons functional. Since
the difference of the Chern–Simons 3-form in one gauge and in another gauge obtained by a small gauge
transformation is an exact 3-form, the Sen–Chern–Simons functional can always be calculated in the time
gauge. In the frame field compatible with the imbedding Θ the connection coefficients are Γ0µj = −χµνeνj
and Γiµj = ζ
i
νDµe
ν
j , the Ricci rotation coefficients of Dµ. Here {ζiν} is the global frame field in T ∗Σ dual
to {eνi }. The curvature 2-form, also in the time gauge, is given by F i jµν = ζiρeωj (Rρωµν + V ρωµν) and
F 0jµν = e
ω
j (Dµχνω − Dνχµω). Since however these expressions depend only on the triad field {eµi } and
the tensor field χµν and independent of the vector bundle isomorphism i (or even the imbedding Θ), the
Sen–Chern–Simons functional will be completely determined by {eµi } and χµν . Finally, since Y [eµi , χµν ]
modulo 16π2 is gauge invariant, it is a functional only of hµν and χµν and will be denoted by Y0[hµν , χµν ].
Next determine the fall-off properties of hµν and χµν implied by the general fall-off conditions (2.1.2).
Let 0hµν be a fixed negative definite metric on Σ such that the asymptotic end Σ −K, together with the
restriction of 0hµν to Σ − K, is isometric to the standard flat geometry on R3 − B. Let {0ζiµ, 0eµi } be a
0hµν -orthonormal dual frame field which is constant on Σ − K, i.e. 0Dµ0ζiν = 0, and let the orientation
of these frame fields be chosen to be that of the hµν-orthonormal ‘physical’ frames {ζiµ, eµi }. Since both
{0ζiµ} and {ζiµ} are bases with the same orientation, they can be combined from each other, i.e. for some
globally defined GL(3,R)-valued function Φj
i on Σ with positive determinant we have ζiµ = 0ζ
j
µΦj
i . If Φi j
is defined by Φi kΦj
k = δij , then e
µ
i = 0e
µ
j Φ
j
i . Φi
j can be decomposed in a unique way as Φi
j = Si
kΛk
j ,
where Λi
j is a rotation matrix, Λi
kΛj
l ηk l = ηi j , and Si j := Si
k ηk j = S(i j ). Λi
j represents the pure
gauge, while si
j := Si
j − δji the metric ‘deformation’ content of Φi j . In fact, the ‘physical’ metric is a
quadratic expression of the symmetric part: hµν = 0ζ
i
µ0ζ
j
νSi
k Sj
l ηk l = 0hµν + 0ζ
i
(µ0ζ
j
ν)(2si j +2si
k sj
l ηk l ).
The matrices in the decomposition Φi j = S
i
kΛ
k
j are transposed inverses of the corresponding matrices in
Φi
j : Λi kΛj
k = δij and S
i
k Sj
k = δij . Note that although Λ
i
j = η
i kΛk
l ηl j , S
i
j is not η
i k Sk
l ηl j . Then
first calculate the connection coefficients Γiµj . They are
Γiµj = −
(
0DµΦk
i
)
Φk j +Φ
k
jΦ
l
n η
n i
0e
ρ
k 0e
ν
l
1
2
(
−0Dνhµρ + 0Dµhρν + 0Dρhνµ
)
. (2.2.1)
Since we are interested in the fall-off of hµν and of χµν implied by (2.1.2), we may write S
i
j = δ
i
j − sj i and
retain in (2.2.1) only the terms which are zeroth and first order in si j . We get (0ζ
i
µΛi
k )(0ζ
j
νΛj
l )ηk nΓ
n
ωl =
−(0ζiµΛi k )0ζjν (∂ωΛj k ) + 0ζkω ((∂µsk l )0ζlν − (∂νsk l )0ζlµ). The evaluation of this equation for the various
6
components yields the following results: First, the fact that the connection coefficients Γiµj come from a
metric links the powers ‘a’ and ‘b’ in (2.1.2): a=b+1. Second, the fall-off rate of the metric is just that of the
tangential components of the connection: si j (r, θ, φ) = si j (θ, φ)/r
b+o(r−b). Third, the gauge part must also
tend to a constant gauge transformation with the same fall-off: Λi
j (r, θ, φ) = 0Λi
j +Λi
j (θ, φ)/rb + o(r−b).
Finally, taking into account these results, the equation χµν = −Γ0µj ζjν yields the fall-off eµi eνj χµν(r, θ, φ) =
χi j (θ, φ)/r
1+b + o(r−1−b). Thus the Sen–Chern–Simons functional is well defined for those asymptotically
flat initial data sets (Σ, hµν , χµν) for which both hµν − 0hµν and rχµν fall off like r−b for some positive b.
But since b may be arbitrarily small, the weakest possible fall-off for hµν − 0hµν and rχµν is logarithmic.
The variational derivative of Y0 with respect to hµν and χµν has been calculated [2]:
δY0
δχµν
= 8
√
|h|Hµν , δY0
δhµν
= −4
√
|h|
(
Bµν + χρ(µHν)ρ
)
, (2.2.2)
where Hµν is the conform magnetic curvature introduced above, and Bµν := −ερω(µDρ(Rων) + V ων)) +
1
2χ
ρ
(µεν)ρω(Dλχ
ωλ − Dωχ). Both Hµν and Bµν are symmetric and trace free, and Bµν reduces to the
Cotton–York tensor of (Σ, hµν) if χµν is vanishing. We have shown that the stationary points of Y0[hµν , χµν ]
(i.e. for which Bµν = 0 and Hµν = 0) are precisely the data sets (Σ, hµν , χµν) that can be locally isomet-
rically imbedded into a conformally flat spacetime with first and second fundamental forms hµν and χµν ,
respectively.
The spacetime conformal rescaling of (Σ, hµν , χµν) by the pair of functions Ω : Σ→ (0,∞), Ω˙ : Σ→ R
was defined by the data set (Σ, hˆµν , χˆµν), where hˆµν := Ω
2hµν and χˆµν := Ωχµν + Ω˙hµν . To preserve the
fall-off properties of hµν and χµν we should impose limr→∞Ω = 1 and limr→∞ Ω˙ = 0. In [2] we calculated the
transformation of the connection coefficients Γ
a
µb , the curvature F
a
bµν and the Sen–Chern–Simons functional
under spacetime conformal rescalings. If we define Υa := Ω
−1(Ω˙ta+ΘµaDµΩ), then in the present notations
Y [Γa b ] transforms as
Y [Γˆa b ]− Y [Γa b ] = −
∫
Σ
Dρ
(
ερµνΥaE
a
a Γ
a
µb ϑ
b
ν
)
dΣ, (2.2.3)
where dΣ is the metric volume element on Σ. Thus Y0[hµν , χµν ] is invariant with respect to the allowed
spacetime conformal rescalings of the initial data sets. (From the right hand side of the corresponding
formula in [2] the minus sign is missing.) Under the spacetime conformal rescaling the tensors Hµν and Bµν
transform as Hˆµν = Hµν and Bˆµν = Ω
−1(Bµν +Ω−1Ω˙Hµν).
Finally, the diffeomorphism invariance of Y0 implies that for any smooth vector field N
µ, generating
1-parameter families of diffeomorphisms which preserve the fall-off properties of hµν and χµν , the integral∫
Σ(
δY0
δhµν
 LNhµν +
δY0
δχµν
 LNχµν)dΣ is vanishing, where  LN denotes the Lie derivative along N
µ. This yields a
divergence identity for Hµν and Bµν .
2.3 The spinor representation and the Ashtekar–Chern–Simons functional
Let π : S → Σ be a trivializable principal fibre bundle over Σ with structure group SL(2,C), ρ its defining
representation on the two complex dimensional vector space SA, and SA(Σ) the (trivializable) associated
vector bundle. Because of its trivializability there always exist globally defined frame fields {εAA }, A = 0, 1.
Thus the capital Roman indices are abstract spinor indices, while the underlined capital Roman indices
are name indices referring to a spinor basis. The dual, complex conjugate and the dual-complex conjugate
bundles will be denoted by SA(Σ), S¯
A′(Σ) and S¯A′(Σ), respectively, in which the global frame fields are
{εAA }, {ε¯A
′
A ′} and {ε¯
A ′
A′ }. If ǫAB is the alternating Levi-Civita symbol, then εAB := εAA εBB ǫAB defines a
symplectic fibre metric on SA(Σ), i.e. with respect to which {εAA } is normalized (or spin frame). By means
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of εAB and its inverse ε
AB, defined by εACεBC = δ
A
B, S
A(Σ) can be identified with SA(Σ), and, by the
complex conjugate metric εA′B′ and its inverse ε
A′B′ , S¯A
′
(Σ) can be identified with S¯A′(Σ).
Because of the trivializability of the bundles V a(Σ) and SA(Σ) the well known isomorphism of the
Lorentzian vector space and the space of Hermitian spinors, explained e.g. in [9], can be ‘globalized’ on the
whole of Σ. Namely, there exists a bundle isomorphism between the complexified Lorentzian vector bundle
and the tensor product of SA(Σ) with its complex conjugate bundle, ϑ : V a(Σ) ⊗ C → SA(Σ) ⊗ S¯A′(Σ) :
(p,Xa) 7→ (p,XaϑAA′a ), satisfying (ϑAA
′
a ϑ
BB′
b + ϑ
AA′
b ϑ
BB′
a )εA′B′ = gabε
AB. Therefore ϑAA
′
a links the fibre
metrics εAB on S
A(Σ) and gab on V
a(Σ) and defines an SL(2,C)-spinor structure on Σ in the sense that
π : S → Σ is the universal covering bundle of π : L→ Σ and ϑAA′a maps the right action of SL(2,C) on the
former to the right action of SO0(1, 3) on the latter. S
A(Σ) is the bundle of SL(2,C) spinors on Σ. The
image of V a(Σ) in SA(Σ)⊗ S¯A′(Σ) is the bundle of Hermitian spinors. Thus, if EaAA′ is the inverse of ϑAA
′
a ,
then EaAA′λ
Aλ¯A
′
is real, null (with respect to the Lorentzian metric) and is either future or past directed for
any spinor λA. We choose ϑAA
′
a such that E
a
AA′λ
Aλ¯A
′
be future directed. Therefore the normal section ta
of Va(Σ) defines a positive definite Hermitean fibre metric on S
A(Σ) by GAA′ :=
√
2tAA′ :=
√
2taE
a
AA′ . As
a consequence of the normalization GAA′ is compatible with the symplectic metric: ε
A′B′GAA′GBB′ = εAB,
and hence εABεA
′B′GBB′ is just the inverse G
AA′ of GAA′ . If {εAA } is a spin frame field and {ε¯A
′
A ′} its
complex conjugate then Eaa := E
a
AA′ε
A
A ε¯
A′
A ′σ
AA ′
a is a gab-orthonormal global frame field in V
a(Σ), where
σ
a
AB ′
are the SL(2,C) Pauli matrices.
Since any connection on a principal bundle determines a unique connection on each of its covering bundles
(see e.g. Theorem 6.2 of Ch. II. in [10], which can be generalized to cover this case), the connection on π :
L→ Σ defines a connection on π : S → Σ. Thus Dµ on V a(Σ) determines a covariant derivative, denoted also
by Dµ, both on SA(Σ) and S¯A′(Σ), and Dµ annihilates both εAB and εA′B′ . This spinor covariant derivative
is fixed completely by the requirement ((DµλA)µ¯A′ + λA(Dµµ¯A′))EaAA′ = Dµ(λAµ¯A
′
EaAA′). Applying this
equation to the spinors of the spin frame field we get the connection between the spinor connection coefficients
Γ
A
µB := ε
A
ADµεAB and the Lorentzian connection coefficients: δA
′
B ′
Γ
A
µB + δ
A
B Γ¯
A ′
µB ′
= σ
AA ′
a σ
b
B B ′
Γ
a
µb . Then
for the curvature FABµν of Dµ on SA(Σ), as can be expected, δA′B′FABµν + δABF¯A
′
B′µν = ϑ
AA′
a E
b
BB′F
a
bµν
holds. Now we are in the position to be able to form the Chern–Simons 3-form and functional Y [ΓA B ] built
from the SL(2,C)-connection Γ
A
µB on S
A(Σ), for which we get the following simple result:
Y [Γa b ] = 2
(
Y [ΓA B ] + Y [Γ¯
A ′
B ′ ]
)
= 2
(
Y [ΓA B ] + Y [ΓA B ]
)
. (2.3.1)
We note that the fall-off conditions for the initial data determined in the previous subsection imply the
existence of the functional Y [ΓA B ], too. Thus the Sen–Chern–Simons functional is only the (four times the)
real part of the Chern–Simons functional built from the SL(2,C) spinor connection of the initial data set
on SA(Σ).
In [2] we also considered the self-dual/anti-self-dual representation ρ± of SO0(1, 3) and the Chern–
Simons functional on the corresponding vector bundle. That vector bundle was ±Λ2(Σ), the bundle of
self-dual/anti-self-dual 2-forms. EaAA′ defines an isomorphism between
−Λ2(Σ) and the bundle S(AB)(Σ)
of the symmetric second rank unprimed spinors, and between +Λ2(Σ) and S¯(A′B′)(Σ). If {εAA } is a spin
frame field in SA(Σ) then ε
i
AB := σ
i
AB ε
A
A ε
B
B , i = 1, 2, 3, form a global frame field in S(AB)(Σ), where
σiAB are the SU(2) Pauli matrices. This basis is orthonormal with respect to the scalar product 〈z, w〉 =
zABwCDε
ACεBD on S(AB)(Σ), inherited from the scalar product 〈Z,W 〉 := 12ZabWcdgacgbd on Λ2(Σ).
(The frame field for and the scalar product on −Λ2(Σ) that we used in [2] was
√
2 times and four times
the ‘natural’ choice εiABεA′B′ϑ
AA′
a ϑ
BB′
b and scalar product above, respectively.) The derivative Dµ can
naturally be extended to these bundles, whose connection coefficients in the basis {εiAB} are −Aiµj :=
εiABDµεABj = −i
√
2εi j k σ
k
AB Γ
AB
µ , and similarly in the complex conjugate basis {ε¯iA′B′} they are +Aiµj :=
8
ε¯iA′B′Dµε¯A
′B′
j = i
√
2εi j k σ¯
k
A ′B ′ Γ¯
A ′B ′
µ = −Aiµj . Then the corresponding curvature 2-forms are
−F i jµν =
−i√2εi j k εkABFABµν , and +F i jµν = −F i jµν . The Chern–Simons functional built from ±Aiµj , which we
called in [2] the self-dual/anti-self-dual Ashtekar–Chern–Simons functional, can now be reexpressed by the
SL(2,C) connection and curvature:
Y [−Ai j ] = 4Y [ΓA B ], Y [+Ai j ] = 4Y [Γ¯A
′
B ′ ] = 4Y [ΓA B ]. (2.3.2)
Thus, as could be expected, the Ashtekar–Chern–Simons functional is essentially the Chern–Simons func-
tional built from the SL(2,C)-spinor connection, and the Sen–Chern–Simons functional is just its real part.
The functional derivative of Y± := Y±[hµν , χµν ], defined by Y [±Ai j ] modulo 16π2, with respect to χµν and
hµν are
δY±
δχµν
=8
√
|h|
(
Hµν ∓ i(Rµν − 1
2
Rhµν + V µν − 1
2
V hµν
))
,
δY±
δhµν
=− 4
√
|h|(Bµν + χ(µρHν)ρ)± 4i√|h|(ερω(µDρHν)ω + 1
2
D(µ
(
Dρχ
ν)ρ −Dν)χ)−
− 1
2
hµνDω
(
Dρχ
ρω −Dωχ)+ χ(µρ(Rν)ρ − 1
2
hν)ρR + V ν)ρ − 1
2
hν)ρV
))
.
(2.3.3)
The stationary points of these functionals were shown to be those data sets that can be locally isometrically
imbedded into the Minkowski spacetime with first and second fundamental forms hµν and χµν , respectively.
Under spacetime conformal rescalings Y± are not invariant, because e.g. under the infinitesimal conformal
rescaling δhµν = 2hµνδΩ, δχµν = χµνδΩ+hµνδΩ˙, they transform as δY± = ±8i
∫
Σ
(12 (R+V )δΩ˙−Dµ(Dνχµν−
Dµχ)δΩ)dΣ. (Unfortunately the formulae corresponding to (2.3.3) in [2] contain trivial numerical and sign
errors, and consequently the expression for δY± given there is also erroneous.)
Next, let us consider general finite dimensional irreducible representations of SL(2,C), the correspond-
ing associated vector bundles, the connection on them, and the Chern-Simons functional. It is well known
that any finite dimensional irreducible representation of SL(2,C) is characterized by a pair (k, l) of non-
negative integers and the representation space is S(A1...Ak) ⊗ S¯(B′1...B′l), the tensor product of the space
of the totally symmetric spinors of rank k and of the totally symmetric primed spinors of rank l. Thus
a basis in this space has the form ε
A1...AkB
′
1
...B′l
i = ε
(A1...Ak)(B
′
1
...B′l)
i , i = 1, ..., (k + 1)(l + 1). The dual
basis in the dual space S(A1...Ak) ⊗ S¯(B′1...B′l) is denoted by εiA1...AkB′1...B′l . These bases can also be ex-
pressed by the tensor product bases: ε
A1...AkB
′
1
...B′l
i = σ
A
1
...A
k
B ′
1
...B ′
l
i ε
A1
A
1
...εAkA
k
ε¯
B′
1
B ′
1
...ε¯
B′l
B ′
l
and εi
A1...AkB
′
1
...B′
l
=
σiA
1
...A
k
B ′
1
...B ′
l
ε
A
1
A1
...ε
A
k
Ak
ε¯
B ′
1
B′
1
...ε¯
B ′
l
B′
l
, where the combination coefficients (the well known Clebsch–Gordan coef-
ficients) are completely symmetric both in their unprimed and primed spinor name indices and satisfy the du-
ality conditions σiA
1
...A
k
B ′
1
...B ′
l
σ
A
1
...A
k
B ′
1
...B ′
l
j = δ
i
j and σ
i
A
1
...A
k
B ′
1
...B ′
l
σ
C
1
...C
k
D ′
1
...D ′
l
i = δ
C
1
(A
1
...δ
C
k
A
k
)δ
D ′
1
(B ′
1
...δ
D ′
l
B ′
l
).
Then the connection coefficients of the connection on the associated vector bundle S(A1...Ak)(B
′
1
...B′l)(Σ), de-
termined by the connection Dµ on SA(Σ), are
Aiµj : = ε
i
A1...AkB
′
1
...B′
l
DµεA1...AkB
′
1
...B′l
j =
= kσiE A
2
...A
k
B ′
1
...B ′
l
σ
F A
2
...A
k
B ′
1
...B ′
l
j Γ
E
µF + lσ
i
A
1
...A
k
E ′B ′
2
...B ′
l
σ
A
1
...A
k
F ′B ′
2
...B ′
l
j Γ¯
E ′
µF ′
,
(2.3.4)
and there is a similar relation between the curvature 2-forms F i jµν and F
E
F µν . Then, using the duality
conditions for the Clebsch–Gordan coefficients, the Chern–Simons functional Y [Ai j ] defined on the vector
bundle S(A1...Ak)(B
′
1
...B′l)(Σ) can be computed easily:
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Y [Ai j ] =
1
6
(k + 1)(l + 1)
(
k(k + 2)Y [ΓA B ] + l(l+ 2)Y [ΓA B ]
)
. (2.3.5)
Thus this is a combination of Y [ΓA B ] and its complex conjugate with integers depending on the represen-
tation. The representations in which the Chern–Simons functional is conformally invariant are precisely the
tensor representations; i.e. for which l = k. Therefore the higher order irreducible representations do not
give anything new. The Sen–Chern–Simons and the anti-self-dual/self-dual Ashtekar–Chern–Simons func-
tionals correspond to the (1,1), (2,0) and (0,2) cases, and by an appropriate choice for the normalization
the Clebsch–Gordan coefficients reduce to the SL(2,C) Pauli matrices, the SU(2) Pauli matrices and their
complex conjugate, respectively.
Finally, since SL(2,C) is semisimple, any finite dimensional representation ρ of that is the direct sum of
irreducible representations ρ1,...,ρn (i.e. it is completely reducible). But then the associated vector bundle
E(Σ) defined by ρ is the Whitney sum of the vector bundles corresponding to ρ1,...,ρn, and the connection on
E(Σ) is the sum of the connections of the constituent bundles. Hence the Chern–Simons functional defined
on E(Σ) is the sum of the Chern–Simons functionals of the constituent bundles.
As is usual in the recent spinor approaches in general relativity in the rest of this paper we will not write
out the isomorphisms EaAA′ , ϑ
AA′
a and the Pauli matrices explicitly. Any Lorentzian tensor index, e.g. a and
a , can be freely replaced by the corresponding pair of spinor indices, i.e. by AA′ and AA ′, respectively.
3. Relation to 3-surface twistors
3.1 The unitary form of Dµ and the 3-surface twistors
The positive definite Hermitean metric defines the bundle maps S¯A′(Σ)→ SX(Σ) : (p, µA′) 7→ (p,GXA′µA′)
and S¯A
′
(Σ) → SX(Σ) : (p, µA′) 7→ (p,−GXA′µA′). They are C-linear isomorphisms taking the symplectic
fibre metrics into the symplectic fibre metrics, and making possible to use only the unprimed spinors. In
particular, the complex conjugation is represented by the C-anti-linear operation † : SA(Σ) → SA(Σ) :
(p, λA) 7→ (p, λ†A) := (p,GAA
′
λ¯A′), whose action can obviously be extended to arbitrary spinors. If we
convert the primed name indices into unprimed ones in an analogous way, then these bundle maps take
the dual complex conjugate and complex conjugate frames, {ε¯A
′
A′ } and {ε¯A
′
A ′}, into the frames {ε
X
X } and
{εXX }, respectively. Every Lorentzian index corresponds to a pair of unprimed spinor indices, e.g. Xa to
XAX ; and Xa is proportional to the normal section iff XAX = X [AX], and Xa = P ab X
b iff XAB = X(AX).
Therefore the order of the unitary spinor indices, e.g. AX above, is important unless the corresponding
Lorentzian index is purely spatial. For example the unitary spinor form of the normal section ta and of
the imbedding Θaµ are tAX := GX
A′tAA′ =
1√
2
εAX and Θ
AX
µ := −ΘAA
′
µ GA′
X = Θ
(AX)
µ , respectively. The
unitary spinor form of other important tensor fields, namely the metric, the corresponding volume form and
the extrinsic curvature are hAXBY = −εA(BεY )X , εAXBY CZ = i√2 (εA(BεY )(CεZ)X + εX(BεY )(CεZ)A) and
χµAX := GX
A′χµAA′ = χµ(AX), respectively. A (2r,2s) type spinor T
A1X1...ArXr
B1Y1...BsYs
is the unitary spinor form
of a real Lorentz tensor iff T †A1X1...ArXrB1Y1...BsYs = (−)r+sTA1X1...ArXrB1Y1...BsYs . In particular, the reality of Θaµ implies
Θ†ABµ = −ΘABµ . The square of the adjoint operation is ξ††A1...ArB1...Bs = (−)r+sξA1...ArB1...Bs . The action of the
Sen derivative on the spinor fields can be written as DµλA = DµλA − 1√2χµABλB . Note, however, that
although both Dµ and Dµ annihilate εAB and Dµ annihilates GAA′ , the Sen derivative doesn’t annihilate
the Hermitean metric: DµGAA′ =
√
2χµAA′ 6= 0. Thus the operation of taking the unitary form of a
spinor and the Sen–derivative are not commuting. Consequently Dµλ†A differs from (DµλA)†, and hence it
seems useful to introduce two Sen operators on the spinor fields, the self-dual and the anti-self-dual ones:
±DµλA := DµλA ± 1√2χµABλB . Then (±Dµλ......)† = ∓Dµλ†......; i.e. they are adjoint to each other. (For a
more detailed discussion of the theory of unitary spinors in relativity see e.g. [12-16].)
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One can define the unitary spinor form of the Sen operators too: ±DAXλB := ΘµAX±DµλB = DAXλB∓
1√
2
χAXB
CλC , for which (
±DABλ......)† = −∓DABλ†....... The commutator of two such operators is
±DX(A±DXB)λC = −λD±ΦDCAB − ±ΨEFAB±DEFλC , (3.1.1)
where
±ΨCDAB := ∓ 1√
2
(
χCDAB − χδC(AδDB)
)
, (3.1.2)
±ΦABCD :=
1
2
(
RABCD +
R
2
εA(CεD)B
)
∓
∓ 1√
2
DX(Cχ
X
D)AB −
1
4
(
χC
EF
BχDEFA + χD
EF
BχCEFA
)
, (3.1.3)
and RABCD is the unitary spinor form of the Ricci tensor of (Σ, hµν). They represent the ‘torsion’ and
the curvature of ±Dµ, respectively. The latter is related to the curvature 2-form ±FABµν of ±Dµ by
±ΦABCD = 12
±FABCRDSεRS . Their algebraic symmetries are ±ΨABCD = ±Ψ(AB)(CD) = ±ΨCDAB and
±ΦABCD = ±Φ(AB)(CD), and their contractions are
±ΨACBC = ± 1√
2
χεAB, (3.1.4)
±ΦACBC = −εAB 1
8
(
R + χ2 − χµνχµν
)
± 1
2
√
2
(
Dµχ
µ
AB −DABχ
)
. (3.1.5)
Thus ±ΦABCD is not symmetric in the pairs AB and CD. The unitary spinor form of the tensor fields Hµν
and Bµν of subsection 2.2 is
HAXBY =
i√
2
(
DE(Aχ
E
X)BY +DE(Bχ
E
Y )AX
)
= i
√
2DE(Aχ
E
XBY ) =
=
i
2
(
−ΦAXBY + −ΦBYAX − +ΦAXBY − +ΦBYAX
)
, (3.1.6)
BAXBY =
i
2
√
2
(
DEA
(±ΦEXBY + ±ΦBYXE)+DEX(±ΦEABY + ±ΦBYAE)+
+DEB
(±ΦEYAX + ±ΦAXY E)+DEY (±ΦEBAX + ±ΦAXBE)+
+χAX(B
E
(
DCDχY )ECD −DY )Eχ
)
+ χBY (A
E
(
DCDχX)ECD −DX)Eχ
))∓
∓ 1√
2
(
DE(AHX)EBY +D
E
(BHY )EAX
)
. (3.1.7)
The second Bianchi identity for ±FABµν then takes the form
DAB
±ΦCDAB ±
√
2χ(CEAB
±ΦD)EAB = 0. (3.1.8)
The first Bianchi identity doesn’t give any further algebraic symmetry for ±ΦABCD.
Let (M, gab) be a Lorentzian spacetime manifold with spinor structure, and recall [9] that a contravariant
1-valence twistor field Zα is a pair (ωA, πA′) of spinor fields such that, under the conformal rescaling εAB 7→
εˆAB := ΩεAB, the spinor fields transform as ω
A 7→ ωˆA := ωA (i.e. ωA has zero conformal weight) and
πA′ 7→ πˆA′ := πA′ + iωAΥAA′ , where ΥAA′ := ∇AA′ lnΩ. The spinor parts of Zα will also be denoted by
Z
A and ZA′ . Z
α may be defined only on a submanifold of M , e.g. on a (say, spacelike) hypersurface θ(Σ)
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or on a spacelike 2-surface θ($). If ωA is any spinor field on M (or on θ(Σ)) with zero conformal weight,
and if πA′ is defined by
1
2 i∇A′AωA (or on θ(Σ) by 23 iDA′AωA, where Da := P ba∇b is the three dimensional
Sen connection [12]), then Zα := (ωA, πA′) turns out to be a twistor field on M (or, respectively, on θ(Σ))
in the sense above. Thus any such spinor field ωA on M (or on Σ) determines a twistor field (‘geometric
twistor fields’). (If ωA is a spinor field on θ($) with zero conformal weight and πA′ := i∆A′Aω
A, where
∆a := Π
b
a∇b is the projection of ∇a to θ($), the two dimensional Sen connection [17], then Zα := (ωA, πA′)
is a twistor field on θ($) in the sense above. This case, however, will not be considered in the present paper.)
A geometric twistor field Zα on M is called a global twistor, or simply twistor, if its primary spinor part ωA
is a solution of the 1-valence twistor equation ∇A′(AωB) = 0. It is known [9] that if ωA is a nonzero solution
of the twistor equation, then it is a 4-fold principal spinor of the Weyl spinor and ωAω¯A
′
is a future pointing
conformal Killing vector; and, conversely [18], if ωA is a 4-fold principal spinor of ψABCD and ω
Aω¯A
′
is a
future pointing conformal Killing vector then for some real function f the spinor exp(if)ωA is a solution of
the twistor equation. Furthermore the twistor equation is completely integrable, i.e. admits the maximal
number of solutions, namely four, if and only if (M, gab) is conformally flat.
If Zα = (ωA, πA′) is any twistor field on the spacelike hypersurface θ(Σ), then its secondary part πA′
can equivalently be represented by the unprimed spinor πX := GX
A′πA′ . Furthermore, by GZ
A′∇A′AωB =
1√
2
εAZ(t
e∇eωB) + −D(ZAωB) − 23εB(A−DZ)CωC the full 3+1 decomposition of the twistor equation is
−D(ABωC) = 0, te∇eωA =
√
2
3
−DABωB. (3.1.9.a, b)
The first of these, i.e. the spatial part of the twistor equation, is called the 3-surface twistor equation [6,19].
A geometric twistor field Zα = (ωA, πX) on θ(Σ) is called a (global) 3-surface twistor if its primary spinor
part ωA is a solution of (3.1.9.a). As it was proved in [6], it is completely integrable, and hence admits
four C-linearly independent solutions, if and only if Σ with its first and second fundamental forms can
also be imbedded into a conformally flat spacetime. The self-dual Sen operator +DAB appears in the 3+1
decomposition of the complex conjugate twistor equation ∇A(A′ωB′) = 0.
3.2 The 3-surface twistor connection and Chern–Simons functional
The basic idea [9] of the twistor parallel transport onM is to consider the global twistors as constant twistor
fields with respect to the twistor connection. This idea was used to introduce the notion of 3-surface twistor
connection on (spacelike or timelike) hypersurfaces [6], by means of which the complete integrability of the
3-surface twistor equation could be characterized as the vanishing of the 3-surface twistor curvature. Since
we need the explicit form both of the twistor connection and curvature we first recall the main points of
the construction of the 3-surface twistor connection in the unitary spinor formalism on an arbitrary triple
(Σ, hµν , χµν), then calculate the connection coefficients and the curvature, and finally we calculate the
Chern–Simons 3-form built from this connection.
The 3-surface twistor equation and its complex conjugate can be rewritten as
±DABωC + iδC(AπB) = 0. (3.2.1)
Taking the ±DAB-derivative of its contraction πC = 23 i±DCDωD, using the commutator (3.1.1) and the
3-surface twistor equation (3.2.1), and finally adding the resulting equation to itself after appropriate per-
mutations of its indices we get
±DABπC ±
√
2πDχ
D
CAB − 2iωD±ΦD(AB)C = 0. (3.2.2)
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The twistor field Zα = (ωA, πX) on Σ is a global 3-surface twistor (or conjugate twistor according to the sign
∓) if and only if the spinor fields ωA and πX satisfy the system of equations (3.2.1), (3.2.2). Thus, recalling
that −DAB can be expressed by +DAB and the extrinsic curvature, it seems natural to define the covariant
derivative of any twistor field Zα, defined on Σ, by the pair
±DMNZα :=
(
±DMNωA + iδA(MπN), ∓DMNπX − 2iωB±ΦB(MN)X
)
. (3.2.3)
In fact, Zα is a global 3-surface twistor/conjugate twistor on Σ iff vµ∓DµZα = 0 for any tangent vector
vµ of Σ, under spacetime conformal rescalings vµ±DµZα transform as twistor fields on Σ, and ±DµZα are
determined by (Σ, hµν , χµν). (If Σ were imbedded in (M, gab) as a spacelike hypersurface then we could define
DaZα := P ba∇bZα, the projection to Σ of the spacetime twistor covariant derivative as a derivative analogous
to the Sen connection. That derivative, however, would depend not only on the data set (Σ, hµν , χµν) but
on the spatial-spatial part of the spacetime Ricci tensor too.) The 3-surface twistor connection coefficients
are defined by ±Aαµβ := E
α
α
±DµEαβ in the dual twistor frame fields {Eαα }, {E
β
β }, which may be chosen to be
determined by the spin frame fields {εAA }, {εAA } through EαA = (εAA , 0), EαX = (0, εXX ) and EBβ = (εBB , 0),
EβY = (0, ε
Y
Y ). They are represented by the following spinor parts
±
A
α
µβ =
( ±
Aµ
A
B
±
Aµ
AY
±
AµX B
±
AµX
Y
)
=
( ±ΓAµB iΘAYµ
−2iεBB εXX ±ΦB(MN)XΘMNµ −∓ΓYµX
)
. (3.2.4)
Here ±ΓAµB := ε
A
A
±DµεAB are the connection coefficients of ±Dµ in the dual spin frame fields. Next, us-
ing formulae (3.1.2)-(3.1.8) and (3.2.3)-(3.2.4), a rather laborious calculation yields the 3-surface twistor
curvature. The only non-vanishing spinor parts of that curvature are
±
RX
Y
µν =± 2iHY XMNεRSΘMRµ ΘNSν , (3.2.5)
±
RXBµν =
(√
2BXBMN ±
(
DE(XHB)EMN +D
E
(MHN)EXB
)
+
+
1
2
εBN
(√
2χ(M
EFGHX)EFG ±DEFHEFMX
)
+
+
1
2
εBX
(√
2χ(N
EFGHM)EFG ±DEFHEFNM
)
+
+
1
2
εBM
(√
2χ(X
EFGHN)EFG ±DEFHEFXN
))
εRSΘ
MR
µ Θ
NS
ν . (3.2.6)
Thus the tensors Hµν , Bµν have natural twistorial interpretation since they represent the nonvanishing
components of the 3-surface twistor curvature. The flatness of the 3-surface twistor connection (3.2.3) is
therefore equivalent to the vanishing of Hµν and Bµν , i.e., as Tod recognized first, to the local isometric
imbeddability of (Σ, hµν , χµν) into some conformally flat spacetime. It is an easy calculation to show that
under spacetime conformal rescalings the spinor expressions above do, in fact, transform as the spinor parts
of a (1,1) twistor (valued 2-form).
By (3.1.5-6) and (3.2.4-6) the (dual of the) Chern–Simons 3-form built from the 3-surface twistor con-
nection ±Aαµβ is
εµνρ
(
±
A
α
µβ
±
R
β
α νρ +
2
3
±
A
α
µβ
±
A
β
νγ
±
A
γ
ρα
)
=
= εµνρ
{(
−ΓAµB
−FB Aνρ +
2
3
−ΓAµB
−ΓBνC
−ΓCρA
)
+
(
+Γ
A
µB
+FB Aνρ +
2
3
+Γ
A
µB
+Γ
B
νC
+Γ
C
ρA
)}
=
= εµνρ
{(
Γ
A
µB F
B
Aνρ +
2
3
Γ
A
µB Γ
B
νC Γ
C
ρA
)
+
(
Γ
A
µB F
B
Aνρ +
2
3
Γ
A
µB Γ
B
νC Γ
C
ρA
)}
.
(3.2.7)
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Thus the Chern–Simons functional built from the 3-surface twistor connection is just half of the real Sen–
Chern–Simons functional, yielding a pure twistorial interpretation and a manifest conformally invariant form
of the latter (and of Y(k,k) for any k ∈ N), too. Thus the stationary points of the 3-surface twistor Chern–
Simons functional, with respect to both the 3-surface twistor connection and the fields hµν and χµν of the
initial data, are just the initial data for which the 3-surface twistor connection is flat. Similarly to the higher
dimensional spinor representations, we expect that the Chern–Simons functional built from the 3-surface
twistor connections for higher valence twistors will essentially coincide with (3.2.7).
4. Time evolution
4.1 Comparison theorem for Y [ΓA B ]
Next consider a one parameter family of initial data on a fixed 3-manifold, (Σ, hµν(t), χµν(t)), and we ask
how the Chern–Simons functional, built from the connection Dµ in some representation ρ, varies as a function
of t. Obviously, this problem can be reinterpreted as the question of its time evolution if θt : Σ→M , t ∈ R,
is a foliation of a Lorentzian spacetime (M, gab) with spacelike hypersurfaces. On the typical hypersurface
Σ this foliation is represented by a lapse function N(t) : Σ → (0,∞). By (2.3.5) it is enough to consider
only the time evolution of Y [ΓA B ]. In the present subsection we derive a formula by means of which we can
compare the Chern–Simons functional on two different spacelike hypersurfaces in a given globally hyperbolic
spacetime. This result is independent of any field equation. We take into account Einstein’s field equations
only in the next subsection.
Since M is diffeomorphic to Σ×R, M admits a spinor structure, and let SA(M) be the (trivializable)
spinor bundle and {εAA } a (globally defined) normalized spinor dyad. Let Σt := θt(Σ), ta its timelike unit
normal and let ∇e be the connection on the spacetime spinor bundle SA(M). Then the connection 1-form of
∇a in the dyad {εAA } is (4)ΓAaB := εAB∇aεBB , and the curvature 2-form is (4)RA B cd := εAA εBB (4)RABcd. Their
pull back to Σ along the imbedding θt are just the connection and curvature forms, Γ
A
µB (t) and F
A
B µν(t),
of the Sen connection in the spinor representation at ‘time’ t, respectively. Thus the pull back to Σ of
the spacetime Chern–Simons 3-form (4)RA B [ab
(4)Γ
B
c]A +
2
3
(4)Γ
A
[a|B |
(4)Γ
B
b|C |
(4)Γ
C
c]A along θt is the Chern–
Simons 3-form built from Γ
A
µB (t) on S
A(Σ). On the other hand, the exterior derivative of the spacetime
Chern–Simons 3-form, contracted with the volume 4-form, is
1
2
(4)RAB ab
(4)RAB cdε
abcd = 4EabH
ab − i
(
2
(
EabE
ab −HabHab
)− 1
2
(4)Gab
(4)Gab +
1
6
(4)R2
)
, (4.1.1)
where we used the expressions for Eab and Hab given in subsection 2.2. Thus applying the Stokes theorem
to the spacetime Chern–Simons 3-form on the spacetime domain bounded by the Σ0 and Σt hypersurfaces
and assuming that the integrals exist, we get
Y [ΓA B (t)]− Y [ΓA B (0)] =
∫ t
0
∫
Σt′
1
2
(4)RAB ab
(4)RAB cdε
abcdN dΣt′ dt
′. (4.1.2)
Note that by (4.1.2) we can compare Y [ΓA B ] on any two, maybe intersecting, hypersurfaces Σ
′ and Σ′′ if
there is a hypersurface Σ and there is a foliation Σ′t between Σ
′ and Σ and a foliation Σ′′t between Σ
′′ and
Σ. The real part of the right hand side in (4.1.1) transforms as 4EabH
ab 7→ 4Ω−4EabHab under spacetime
conformal rescalings. Thus, recalling that by its very definition, Nta∇at = 1, the lapse function N transforms
as N 7→ ΩN , the time derivative of the Chern–Simons functionals defined in the tensor representations is also
conformally invariant. In general neither the real nor the imaginary part has definite sign. If however the
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scalar polynomial invariant I := ψABCDψ
ABCD = 18Cabcd(C
abcd+ i ∗Cabcd) = EabEab−HabHab+ i2EabHab
of the spacetime Weyl tensor is real, then the real Sen–Chern–Simons functional is not only a conformal
invariant of the initial data set but, being independent of the initial hypersurface, a conformal invariant of
the whole spacetime. This holds for a large class of (algebraically general and special) spacetimes, including
all Petrov III. and N spacetimes [20]. If the invariant I itself is zero and in addition the Ricci tensor is also
vanishing then the Ashtekar–Chern–Simons functional is also independent of the initial hypersurface and
provides a further global invariant of the whole spacetime.
4.2 On the time evolution via Einstein’s equations, on a ‘natural time variable’ and examples
Instead of the Stokes theorem of the previous subsection we could start with a choice for the lapse and
shift and could evolve Y [ΓA B (t)] in time by using (2.3.3) and evolving the initial data via the 3+1 form of
Einstein’s equations. What we would obtain, however, is just (the time derivative of) (4.1.2) if in which the
Einstein equations (4)Gab + Λgab = −κTab had already been taken into account: The terms containing the
shift integrate to zero because of the diffeomorphism invariance of Y±, furthermore, although in general the
conformal electric curvature Eµν cannot be expressed by the intrinsic and extrinsic geometrical data on Σ,
by Einstein’s equations it becomes an expression of the geometric data and the energy-momentum tensor on
Σ. Explicitly Eab = −(Rab + Vab − 13hab(R + V )) − 12κ(σab − 13σeehab), where we used the standard 3+1
decomposition, Tab = µtatb + 2J(atb) + σab, of the energy-momentum tensor.
Recently the imaginary part of the Ashtekar–Chern–Simons functional as a natural internal time variable
was suggested in the configuration space of cosmological models [21]. Then the question arises as whether
one can introduce a natural internal time variable in the spacetime, at least with respect to a foliation
θt, given geometrically in cosmological spacetimes. This would have to be monotonic with respect to the
coordinate time t above. (For such earlier suggestions see, for example, [22,23].) In fact, for the t =
constant hypersurfaces of the maximal spacelike symmetry of the closed Robertson–Walker metrics (4.1.1) is
−6ia−3a¨(a˙2+1), where by Einstein’s equations the scale function a(t) satisfies 3a−1a¨ = Λ− 12κ(µ+3p) and
3(a˙2+1) = a2(κµ+Λ), and the pressure p is defined by σab =: −phab. Therefore ImY± is in fact monotonic
if the strong energy condition is satisfied and e.g. Λ ≤ 0. (For a discussion of the role of the cosmological
constant in the dynamics of the Robertson–Walker spacetimes in general see e.g. [24].) It would therefore be
interesting to see Y [ΓA B ] itself. We calculate this by calculating the spinor Chern–Simons invariant for the
more general homogeneous Bianchi cosmological spacetimes using the technique of [25,26], where the 3-space
is still assumed to be a group manifold. To ensure the existence of the integral of the Chern–Simons 3-form
we must assume that the typical Cauchy hypersurfaces are compact. The only three compact 3 dimensional
manifolds admitting Lie group structure are the torus S1 × S1 × S1, the 3-sphere S3 ≈ SU(2) and the
projective space S3/Z2 ≈ SO(3), for which the structure constants can be written as cki j = cηk l 2εl i j . Here
c = 0 for the torus and c = 1 for SU(2) and SO(3). Since from the point of view of the Chern–Simons
functional the only difference between the SU(2) and SO(3) cases is that the integration domain for SO(3)
is half of that for SU(2), we calculate Y [ΓA B ] only for the torus and the sphere. Thus let {σiµ} be a left
invariant 1-form basis in which the structure constants are the ones given above, i.e. dσi = ηi j cǫj k l σ
k ∧σl .
(With the choice ηk l 2εl i j for the structure constant on SU(2) the basis {σiµ} will be orthonormal with
respect to the unit sphere metric inherited from R4 through the canonical imbedding.) Let hi j and χi j be
the components of the metric and extrinsic curvature in the basis {σiµ}, respectively, and hi j the inverse and
h the determinant of hi j . Then a direct calculation yields
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Y [ΓA B ] = − i
3
{(
χi j h
i j
)3 − 3(χi j hi j )(χk l hlm χmn hnk )+ 2χi j hj kχk l hlm χmn hn i}√|h|Vol0(Σ)−
−ic 4π
2√
|h|χi j
{
−8ηj k hk l ηl j + 4ηi j
(
hk l η
k l
)
+ 2hi j
(
hk l η
km ηl n hmn
)− hi j (hk l ηk l )2}−
−2π2c
{
6χi j h
j kχk l η
l i +
(
hi j η
i j
)((
χk l h
k l
)2 − χk l hkm hl nχmn )− 4(χi j hi j )(χk l ηk l )−
− 4
3|h|
[
10hi j η
j k hk l η
lm hmn η
n i − 9(hi j ηi j )(hk l ηlm hmn ηnk )+ 2(hi j ηi j )3]}.
(4.2.2)
Here Vol0(Σ) :=
∫
Σ
σ1 ∧ σ2 ∧ σ3, the (non-dynamical) left invariant group volume, which is 2π2 for c = 1
and it is chosen to be 8π3 for c = 0.
The general c = 0 vacuum solution is ds2 = (dt)2 − t2p1(dx1)2 − t2p2(dx2)2 − t2p3(dx3)2, where σiµ =
Dµx
i and xi ∈ [0, 2π], and p1 + p2 + p3 = 1, p21 + p22 + p23 = 1 (the spatially closed Kasner solution
[20]). Then (4.2.2) gives Y [ΓA B ] = − 163 π3i(p31 + p32 + p33 − 1), a purely imaginary constant. Thus this
is an algebraically general spacetime for which the spinor Chern–Simons functional is an invariant for the
whole spacetime, and, in particular, ImY± is certainly not a time function. This result shows that the
generalization of the (Riemannian) conformal invariant Y [hµν ] of Chern and Simons for initial data sets
is not trivial: Y±[hµν , χµν ] depends essentially on χµν , and, apart from the permutations of the Kasner
exponents (p1, p2, p3), characterizes the vacuum Bianchi I. cosmological spacetimes completely. (To see this
it may help the use of the global explicit parameterization 3p1 = 1−cosα+
√
3 sinα, 3p2 = 1−cosα−
√
3 sinα,
3p3 = 1 + 2 cosα, where α ∈ [0, 2π].) For c = 1 the left invariant basis may be chosen such that 2σ1µ =
sinψDµθ−cosψ sin θDµφ, 2σ2µ = cosψDµθ+sinψ sin θDµφ and 2σ3µ = −Dµψ−cos θDµψ, where ψ ∈ [0, 4π],
φ ∈ [0, 2π], θ ∈ [0, π] are the standard Euler angle coordinates on the 3-sphere. Then for the Robertson–
Walker line element we get Y [ΓA B ] = 8π
2 − 4π2ia˙(a˙2 + 3). Thus the conformal invariant Y0 for any
closed Robertson–Walker initial data set is zero, but ImY± is monotonic provided, as we saw, the strong
energy condition is satisfied. A non-isotropic solution with the stiff equation of state, p = µ, and vanishing
cosmological constant was found by Barrow [27]. It has the form ds2 = (dt)2−a2(t)(σ3)2−b2(t)((σ1)2+(σ2)2)
with the scale functions given by a2(τ) = 4A sech(Aτ) and b2(τ) = A−1B2 cosh(Aτ)sech2(12B(τ+τ0)), where
A, B and τ0 are constants and the parameter τ is defined implicitly by
dt
dτ =
1
8a(τ)b
2(τ). Then the energy
density is κµ = 16(B2 − A2)a−2b−4 and the metric becomes isotropic if a = b, whenever B = 2A (and
τ0 = 0). For the t = const. hypersurface in this spacetime we find
Y [ΓA B ] = 8π
2
{
1 +
(a2 − b2
b2
)2
+
1
4b4
(√
16A2 − a4 −
√
4B2 − a2b2
)2}
+
+
4π2i
a2b4
√
16A2 − a4
(√
16A2 − a4 − 2
√
4B2 − a2b2
)2
+
+
16π2i
b2
((
1− a
2
4b2
− b
2
a2
)√
16A2 − a4 + a
2
b2
√
4B2 − a2b2
)
.
Therefore the anisotropy of the geometry, characterized by the differences
√
16A2 − a4 −√4B2 − a2b2 and
a2 − b2 of the extrinsic curvature and the intrinsic metric, respectively, contribute both to the real and
imaginary parts of Y±, too, i.e. Y0 is also a non-trivial generalization of the Riemannian Y [hµν ]. Both the
real and imaginary parts of Y [ΓA B ] are changing in time, but, in general, ImY [Γ
A
B ] is not monotonic even
if the energy condition A2 < B2 is assumed to hold.
Returning to the general formula (4.1.1), neither its real nor its imaginary part has definite sign even
if Einstein’s equations are taken into account and the dominant energy condition is satisfied. Moreover the
indefinite expression EabE
ab − HabHab is still present even in vacuum. Since however for the analogous
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expression in Ricci-flat Riemannian 4-geometries we get EabE
ab +HabH
ab, which is positive definite (and
in a Lorentzian spacetime this would be just the well known Bel–Robinson tensor contracted with the unit
normal ta), one could hope to obtain positive definite imaginary term for the Wick rotated Ashtekar, i.e. the
Barbero connection [7,8]. In fact, the same analysis can be repeated for the Barbero connection, obtaining
a formula analogous to (4.1.1). But that is much more complicated and neither the real nor the imaginary
part appears to have a definite sign either. Hence ImY± can be interpreted as a natural time variable in the
spacetime only for a very limited class of cosmological models.
Finally, to have an asymptotically flat example for the Chern–Simons functional, we can compute
Y [ΓA B ] for the Reissner–Nordstro¨m spacetime. For the 3-manifold Σ we choose a maximally extended
t = const. spacelike hypersurface, consisting of two asymptotically flat ‘ends’ and joining together at the
surface of bifurcation of the event horizon. It is easy to find a globally defined triad {eµi } on Σ, using the
fact that Σ with the induced metric hµν is globally conformally flat (see e.g. [28]). However, just because
of its global conformal flatness and the fact that this hypersurface is time symmetric, the whole Y [ΓA B ] is
zero. The analogous calculation for the Kerr–Newman solution would be much more complicated.
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